In this paper, based on the Takagi-Sugeno (T-S) fuzzy approach with unmeasurable premise variables, our aim consists in developing an observer algorithm permitting to estimate the unknown states for a class of fuzzy descriptor systems. The approach used to solve this problem consists in designing a fuzzy observer described by differential equations only. The idea of the proposed result is to separate the dynamic relations of the static relations in the descriptor model. First, the method used for decomposed the differential part of the algebraic part is developed, secondly we give a fuzzy observer design permitting to estimate the unknown states. The convergence of the state estimation error is studied using the Lyapunov theory and the stability condition is given in term of only one Linear Matrix Inequalitie (LMI). Finally, an application to a descriptor model of an aerobic culture of a recombinant yeast is given in order to illustrate the performance of the proposed fuzzy designed observer.
Introduction
Many works concerning the development of software sensors (observers) for chemical and biochemical reactors can be found in the literature. Generally, these algorithms are based on usual models described by ordinary differential equations. Many physical systems are naturally modeled as systems of differential and algebraic equations [1] , [2] , [3] , [4] . These systems are variously called descriptor systems, singular systems, implicit, or differential algebraic equations (DAEs). This formulation includes both dynamic and static relations. Consequently this formalism is much more general than the usual one and can model the physical constraints or impulsive behavior due to an improper part of the system. The numerical simulation of such descriptor models usually combines an ODE numerical method together with an optimization algorithm. All recently there has been a great deal of interest in using the approach based on the representation of the nonlinear systems by T-S models [5] . This interest relies on the fact that once the T-S fuzzy models are obtained, linear control methodology can be used to design local state feedback controllers for each linear model. Aggregation of the fuzzy rules results in a generally nonlinear model, but in a very special form, which is exactly the same as a time varying and nonlinear system described by a set of polytopic linear inclusions. In this paper, we are only concerned by nonlinear descriptor systems represented by dynamic T-S descriptor models with unmeasurable premise variables. Many studies have been developed on the problem of the observer design and its applications for nonlinear descriptor systems described by T-S descriptor models in the literature see for instance [6] , [7] , [8] , [9] , [10] . The aim of the present work is to give an explicit fuzzy observer for a class of T-S descriptor system with unmeasurable premise variables which includes T-S descriptor model of an aerobic culture of a recombinant yeast. Fuzzy observers design for dynamic T-S models described by ordinary differential equations with unmeasurable premise variables is widely discussed in the literature see for instance [11] , [12] , [13] , [14] , [15] . This paper is organized as follows. A fuzzy observer design for a class of T-S descriptor systems that include the considered bioprocess model is addressed in section 2. In section 3, we apply these theoretical results to an aerobic culture of recombinant yeast [1] . First, a descriptor model of the bioprocess is presented and its T-S representation is developed. Next, we show how the theoretical result established in section 2 can be applied in order to estimate the unknown states in the bioprocess. Numerical simulations are given in order to illustrate the performance of such observer in section 4.
Observer design for a class of T-S descriptor systems
The form of the class of T-S descriptor systems with unmeasurable premise variables studied in this paper which includes the considered bioprocess model is:
where
p is the measured output. Γ ∈ R n×n is constant matrix with rank(Γ) = r. A i ∈ R n×n , C ∈ R p×n are real known constant matrices. with
where A 22i constant matrices are assumed invertible (rank(A 22i ) = n − r). The γ i (η) are the weighting functions that ensure the transition between the contribution of each sub model. They depend on unmeasurable premise variables, and have the following properties:
η represent the premise variable which supposed here depending only on the state vector Z.
To design an observer for each sub model of system (1) (i = 1, . . . , q), we will make the following assumptions:
rank(
The idea is to build an observer for each local model. The global observer is obtained by aggregation of the locals observers. Each local descriptor system of system (1) is represented as follows:
Using the separate the dynamic relations of the static relations, systems (4) can be rewritten as follow (see (2) ):
Using the fact that A −1 22i exist, system (5) can be rewritten as:
Then, fuzzy descriptor system (1) can be rewritten in the following form:
As in [14] , the matrices M i are decomposed into:
where M 0 is defined by:
By substituting (9) and (10) in (8), we obtain:
Our candidate fuzzy observer for (1) (see its equivalent system (12)) takes the form:
where the gain L can be determined by theorem 2.1 below. In order to establish the conditions for the asymptotic convergence of the observer (13), we define the state estimation errors:
It follows that the observer error dynamic is given by the differential and algebraic equations (see [14] for more detail):
with
where (16) satisfies the following condition:
with α > 0 is a constant parameter (see [14] ). and
By adding and subtracting the term (18) can be written as follow:
The design of the observer consists to determine the gain L to ensure the convergence to zero of the estimation error e 1 . The convergence condition of the observer (13) can be formulated by the following theorem (see [14] for more detail).
Theorem 2.1 : Under above hypotheses H1, H2 and H3, the state estimation error between the T-S descriptor model (1) and its observer (13) converges asymptotically towards zero, if there exist matrices
and K such that the following LMI holds:
The gain of the observer (13) is then computed by:
Proof of theorem 2.1 : Note that to prove the convergence of the estimation error e toward zero, it suffice to prove that e 1 converges toward zero. Thus, let us consider the following quadratic Lyapunov function:
Estimation error convergence is ensured if the following condition is guaranteed:V =ė
By using (15) , the condition (23) can be written as:
Then, similarly as in [14] , for P 2 > 0, we obtain:
Taking into account (26), the negativity ofV is assured if:
From (25), the inequality (27) holds if:
Then, the LMI condition (20) of theorem 2.1 can be obtained by using the Schur complement [16] and the following change of variable:
Thus, from (15) the LMI condition (20) implies thatẐ 1 of system (13) exponentially converges to the unknown trajectory Z 1 of system (12) which are identical to those of the system (1). And, from (19) and the fact thatẐ 1 converges to Z 1 , thenẐ 2 of system (13) exponentially converges to the unknown trajectory Z 2 of system (12) which are identical to those of the system (1).
3 Application to an aerobic culture of a recombinant yeast
The coupling of recombinant DNA and technology bioprocess engineering in the production of proteins becomes an important workhorse in industrial biotechnology. Many quantities of modeling and experimental information have been developed in order to understand the nature of recombinants and to optimize such recombinant bioprocess. One of important tusk consists to modelize the plasmid instability kinetics of recombinant cells in order to simulate the process and to design a control strategy of protein production. Over the last decade, there has a growing and widespread development of biotechnological process. This comes in part from the recent development of biosensors and reliable instrumentation. However, for many reasons, it is generally difficult to obtain an on-line measurement of some relevant variables. The use of a software sensors (observers) permit to overcome this obstacle.
Descriptor model
In this subsection, we consider the mathematical model of an aerobic culture of recombinant yeast proposed and simulated in [1] using a Rung-Kutta algorithm combined with the Newton's method approach. This model is based on the three metabolic pathways: the glucose fermentation, the glucose oxidation and the ethanol oxidation (see [1] for more details). The model of the batch culture is described by the following material balance equations (see list of symbols for explanation of notations):
where cell growth in each metabolic pathway follows a modified Monod law described by:
The latter law interprets the fact that, the ethanol is not consumed in the presence of the glucose in the reactor. L(t) denotes the time lag of the transient state between inoculation and the onset of exponential growth. Its expression is given by the following empirical law:
Moreover, the three metabolic pathway in yeast are qualitatively additive.
and the specific growth rates on the three metabolic events are also additive.
Replacing (31) and (32) in (35), we obtain:
The only implicit equation is then given by (38). Thus the descriptor model of an aerobic culture of a recombinant yeast that we consider takes the following form:
T is the output measurements. and 
T-S fuzzy model development
In this subsection, using the procedure of fuzzy model construction given in [17] , a T-S fuzzy model that exactly represents the bioprocess model (39) presented in the previous subsection is developed. For this object, we define the premise variables as follows:
Then, we have the following equivalent state space form of descriptor model (39):
Note that in this case, since we have five premise variables ξ j with j = 1, 2, 3, 4, 5, then the number of model rules of the T-S fuzzy model is 2 5 = 32. To construct T-S model of an aerobic culture of a recombinant yeast system described by (39) (see its equivalent system (43)), considering the sector of the nonlinearities of the terms ξ j ∈ [ξ jmin , ξ jmax ] of the matrix A(x) with j = 1, 2, 3, 4, 5, we can transform the nonlinear terms under the following shape (see [17] ):
and
Then, the global T-S fuzzy model is inferred as follows:
where the h i (ξ) are the weighting functions that ensure the transition between the contribution of each sub model. They have the following properties:
and they are obtained by:
where the indexes l ij (i = 1, . . . , 32 and j = 1, . . . , 5) are equal to 1 or 2 and indicate which partition of the j th parameter (M j1 or M j2 ) is involved in the i th submodel. The constant matrices A i , (i = 1, . . . , 32) are obtained by replacing the premise variables ξ j in the matrix A(x) with the scalars defined in (46):
Fuzzy observer design
Based on the theory developed in section 2, the aim is to design a fuzzy observer for T-S descriptor model (48). More precisely, based on the on-line measurements of the total cell concentration X and the recombinant protein concentration P , we shall show that the previous result (13) can be used to the on-line estimation of the glucose G, the ethanol E, the plasmid-bearing cell concentration X + and the total glucose flux q G . To do so, let
.
Noticing that in this application A 22i = A i (6, 6) = 1 are invertible and C 2 = 0. This shows that the system (48) is a particular case of the system (1). Consequently, apply the theory developed in the section 2 (see (4) to (12)), system (48) is written as follows:
Then, the fuzzy observer for system (48) (see its equivalent system (52)) permitting to estimate x 2 , x 3 , x 4 , x 6 takes the following form:
where the gainL can be determined by theorem 2.1.
Simulation results
In this section the purpose is to show by numerical simulations the good performances of the present study given in this paper. For all computer simulations results discussed in the sequel, we use the parameter values summarized in table 1 witch are those of [1] . To simulate descriptor models (39) and (48) 
Conclusion
In this paper, new fuzzy observer design approach was presented. Based on the separate the dynamic relations of the static relations and solving only one LMI, this observer synthesis can be used to solve the observer problem for a class of T-S descriptor systems with unmeasurable premise variables. The established fuzzy observer is proposed for the on-line estimation of an unknown state in an aerobic culture of a recombinant yeast. First, the Takagi-Sugeno fuzzy model is developed to represent the descriptor nonlinear model of the bioprocess. Next, the effectiveness of the proposed fuzzy observer is verified by numerical simulation.
List of symbols E : ethanol concentration (g/l) G : glucose concentration (g/l) k a : regulation constant for(g glucose/g cell h-1) k b : regulation constant for(dimensionless) k c : regulation constant for (g glucose/g cell h-1) k d : regulation constant for (dimensionless) K 1 : saturation constant for glucose fermentation (g/l) K 2 : saturation constant for glucose oxidation (g/l) K 3 : saturation constant for ethanol oxidation (g/l) L(t) : time lag function (dimensionless) p : probability of plasmid loss of plasmid-baring cells(dimensionless) P : recombinant protein concentration (mg/g cell) q G : total glucose flux (g glucose/g cell h) t : culture time (h). t lag : lag time (h) X : total cell concentration (g/l) X + : plasmid-bearing cell concentration (g/l) X F X/G : cell yield for glucose fermentation pathway (g cell/g glucose) X O X/G : cell yield for glucose oxidation pathway (g cell/g glucose) Y X/E : cell yield for ethanol oxidation pathway (g cell/g ethanol) Y E/X : ethanol yield for fermentation pathway based on cell mass (g ethanol/g cell) α 2 : glucoamylase yield for glucose oxidation (units/g cell) α 3 : glucoamylase yield for ethanol oxidation (units/g cell) µ 1 : specific growth rate for glucose fermentation (h −1 ) µ 2 : specific growth rate for glucose oxidation (h −1 ) µ 3 : specific growth rate for ethanol oxidation (h −1 ) µ 1max : max maximum specific growth rate for glucose fermentation (h −1 ) µ 2max : maximum specific growth rate for glucose oxidation (h −1 ) µ 3max : maximum specific growth rate for ethanol oxidation (h −1 ).
